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FUNCTIONS WITH THREE CRITICAL POINTS 
BY 
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(Communicated by Prof. H. FREUDENTHAL at the meeting of April 29, 1961) 
In this note we announce some theorems and give an indication of their 
proofs. An extensive treatment of the subject will appear later elsewhere. 
A real as-function I: X___,. R on an n-dimensional as-manifold X with 
s > 0, is called as-ordinary at a point p EX' in case a system of n as-co-
ordinates (as-functions) rp1, ... , rpn exists, which defines a as-diffeomorphism 
u of some neighborhood V(p) of pinto Rn, and such that for some constant 
Ap>O, 
(1) rpi(p)=O,i=l, ... ,n; rpn(q)=A.p{f(q)-f(p)} for qE V(p)CX. 
If as-coordinates and A.p > 0 exist such that 
(2) ) 
!pi(p)=O, i=l, ... , n; 
- ±rpi2(q)+ 3:_rpj2(q)=A.p{f(q)-f(p)}, 
1 k+l 
then the function is called as-critical of index kat p. The function is called 
as-nondegenerate at p if it is as-ordinary or as-critical of index k for some k. 
A function which is as-nondegenerate at every point p EX is called a 
as-nondegenerate function. 
If the pair (X, f) consists of a closed (that is compact and without 
boundary) as-n-manifold X and a as-nondegenerate function I with 
precisely two critical points, then X is homeomorphic to the n-sphere Sn 
(see REEB [9] for s;>l; and KuiPER [5] for s;>O); on the other hand, 
for s > l, X is not necessarily as-diffeomorphic to Sn with its usual as-
structure (see MILNOR [6]). 
Definition. (X, f, as) is a pair consisting of a closed as-n-manifold X 
and a as-nondegenerate function f on X with exactly three nondegenerate 
critical points. 
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The problem we pose consists in the classification of the spaces X, by 
cohomology structure, by homotopy type, by differentiable, combinatorial and 
topological structure. 
Example 1. The projective planes. 
Let (m, F) be one of the following: (1, R); (2, C); (4, the skewfield of 
quaternions); (8, the algebra of Cayley-numbers (also called octaves)). 
Following FREUDENTHAL [3] we represent the projective plane P2(F) of 
real dimension 2m, by the set of 3 x 3-matrices over F of rank one: 
M=(!~ ;: ::) 
a2 a1 ~a 
for which moreover M 2 =M =tM, where the bar denotes conjugation and 
t transposition. In case m= 1, 2 or 4 the elements of M can be put in the 
form ZiZJ, where Z1, z2, za are normalized (z1if1 +z2z2+zaifa= 1) homogeneous 
coordinates in F of the projective plane. 
A a""-nondegenerate function with exactly three critical points is for 
example the function 
Example 2. The manifolds X~~,2m and Xn2m,~:. 
(m, F) has the same meaning as in Example l. u1, V1, u2, v2 are variables 
in F with ranges: 
r1 and r2 are real variables, and 0 <: r i <: l. ( UJ, r i) are "polar-coordinates" 
of a ball with radius 1 in Euclidean m-space Em. 'YJ is a as-diffeomorphism 
of the unit m-1-sphere in Em, preserving the orientation. 
The two balls obtained for j ~ 1 and 2, are glued along their boundaries 
by the identification of 
(u1, 1) and (u2, 1)=(1'/ul, l) 
and one obtains a as-manifold which is homeomorphic to them-sphere Sm. 
For s;;. 1 it has a differentiable structure which may depend on 1'/· We 
denote the differentiable structure by a= a(17 ), and the differentiable 
manifold by Sm,a. The usual differentiable structure will be denoted by 
a= 0, and the manifold by sm,o. 
A as-m-ball bundle with group the orthogonal group in m variables, 
and with base space Sm,a, or just Sm in the topological cases= 0, is obtained 
by gluing the product bundles with coordinates 
by identification of 
(u1, 1; v1) and (u2, 1; v2) = (f)Ul, 1; (u1)"'v1(ul)i). 
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MILNOR [6] showed that the boundary oY of this 2m-manifold Y is 
homeomorphic to S2m-l in case h + j = 1. We will assume h + j = 1, and 
we use h to distinguish the cases. That combinatorial manifold which is 
uniquely determined by the differentiable structure of Y has Pontrjagin 
classes (see MILNOR [6], SHIMADA [11], THOM [12]): 
(3) \p1 =2(2h-1)~4, ~4 generates H
4(Y;Z), in case m=4; and 
(p1 =0,p2 =6(2h-1)~s,~s generates H 8(Y;Z) in case m=8. 
By combinatorially attaching a 2m-ball along the boundary of Y, one 
obtains a closed combinatorial manifold, which we denote by Xa2m. The 
Pontrjagin numbers with respect to the natural orientation of Xn2m, 
determined by p12 and p22 in case m= 4 and m= 8, are (see (3)) 
(4) 22(2h-1)2 and 62(2h-1)2 
respectively. 
It is not hard to find a C8-nondegenerate function on the bundle space Y, 
which has exactly two critical points in the interior and which has oY 
as a level hypersurface. This function can be C0-extended to the interior 
of the attached 2m-ball, to give a topological C0-nondegenerate function 
on Xa2m with three critical points. 
From (4) we deduce that there are an infinite number (h> 1) of combina-
torially non-equivalent examples of combinatorial manifolds X (X, f, CO), 
in case m = 4 as well as in case m = 8. 
Now lets> 1, say s=oo. In view of the cases m=4 and 8 we first remark 
that we have introduced in [2] a differential invariant fl for certain closed 
CLmanifolds of dimension 4k- 1, based on the signature (index) formula of 
HmzEBRUCH and on the A-genus of HIRZEBRUCH, and in particular on the 
fact that the A-genus is an integer for any closed differentiable 4k-mani-
fold with vanishing second Stiefel-Whitney class. Using the invariant fl we 
showed that oY is diffeomorphic to S2m-I,o in case m= 4 and h(h-1) = 0 
mod 56; and oY is not diffeomorphic toS2m-l,o in case m= 4 and h(h-1) i= 0 
mod 56 and in case m=8 and h(h-1)i=O mod 16256. We have not yet 
been able to decide whether oY can be diffeomorphic to S2m-l,O in case 
m= 8 and h(h-1) = 0 mod 16256 but h=!= 0 or 1 (compare [2]). 
For m=1, for m=2, for m=4 and h(h-1)=0 mod 56, oY is diffeo-
morphic to S2m-l,o, and we can attach a differentiable 2m-ball to Y along 
oY by a diffeomorphism C of their respective boundaries. We get a dif-
ferentiable manifold x~m,a(1J),I;' which admits a 0 00-nondegenerate function 
with three critical points. According to a recent result of SMALE [IOc] 
this C00-manifold is independent of 'fj, and we will therefore denote it 
by Xh2m.c. We use this symbol also for the corresponding 16 dimensional 
spaces in case they exist. 
Observe that for m=4, s=oo we obtain in this way infinitely many 
distinct differentiable manifolds X, representing solutions (X, f, 0 00 ). For 
414 
each integer h;;;.! with h(h-1)=0 mod 56 we obtain a distinct class of 
combinatorially equivalent 0 00-manifolds X. 
Remark: According to MILNOR-KERvAIRE [14], a(n) can take the 
following numbers of distinct values: 
distinct :.s I 1 1 2 4 8 1 unknown 2 
Remark: The manifolds X 12m are combinatorially equivalent to the 
projective planes of example l. For suitable C the manifolds X 12m,!: are 
diffeomorphic with the projective planes. 
In order to attack our problem we define as in [5] a 0 8-di:ffeomorphism 
r: X--+ X, such that f(r(q)) <f(q) for q EX, and equality holds if and 
only if q is one of the three critical points. r is called a dropping with 
respect to the so-called height function f. This tool is used to assert that 
X is a topological compactification of n-dimensional number space Rn, by 
a topological m-sphere n =2m, of which the homology class has one point 
as self intersection in X. 
Applying MoRSE's theory [8], in particular MoRsE's deformations, we 
can assert that X has the same homotopy type as the one-point compacti-
fication of the mapping cylinder Mg of a map g: S2m-l --+Sm. Moreover 
the Hopf invariant y(g) corresponds with the self intersection of Sm in X, 
and therefore with suitable orientations we have y(g) = l. Then by ADAMS' 
theorem [1], m= 1, 2, 4 or 8. 
Remark: If s> 1, a study of the gradient lines off with respect to 
some Riemannian metric shows that M u is the mapping cylinder of a fibre 
map with structural group the orthogonal group Om, in case m > 2. Then 
the conclusion m= 1, 2, 4 or 8 also follows from a theorem of MILNOR [13]. 
The results lead to 
Theorem 1. For any (X, f, 0 8 ) the manifold X has the same cohomology 
ring (for any coefficients), and the same fundamental group, as one of the 
four projective planes of Example 1. 
We next use the homotype groups 
z z z EB Z12 and z EB Z12o 
1 2 4 and 8. 
The sets of elements ofHopfinvariant y(g) equal to one, can be represented 
by 
(5) 1 1 1 EB Z12 and 1 EB Z12o 
respectively. The homotopy types of spaces X with given generator of 
the m-dimensional cohomology class (orientation in Sm) are then com-
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pletely classified according to (5). Using a theorem of SHIMADA [ll], we 
can assert that the homotopy type of the space X~~,2m of Example 2, is 
determined by h mod 12 and h mod 120 in the cases m = 4 and m = 8 
respectively. From the definition of these spaces we conclude that X~~,2m 
and Xi~h are homeomorphic. The mapping which carries h into 1- h mod 12 
and mod 120 respectively, corresponds to reversing the orientation in Sm. 
This leads to 
Theorem 2. For m = 1, 2, 4, and 8 there are one, one, six, and sixty 
homotopy types of spaces X of dimension 2m respectively. The homotopy type 
of the combinatorial manifold X~~,2m is determined by the non ordered pair of 
numbers modulo 12 and modulo 120 (h, 1- h) for m = 4 and 8 respectively. 
All homotopy types are therefore represented by combinatorial manifolds. 
For s;;;. 0 and m= 1, any (X, f, 0 8 ) has the real projective plane with its 
natural 0 8-structure as manifold X, and because any 2-dimensional 
manifold has a unique differentiable structure, all aspects of our problem 
are solved for this case. 
For s = 0 and m > 2, we cannot obtain a complete solution of our problem. 
Some theorems can be asserted if we assume X to be a combinatorial 
manifold and fa nondegenerate "combinatorial" function, suitably defined. 
We will not present these here. 
For m=2 (even assuming s;;;. 1) we cannot prove that the mapping 
cylinder Mg has a fibre structure, because of the possible existence of a 
knot of Sm-1 in S2m-1. This difficulty does not arise for m = 4 or 8. 
For s;;;. 1, say s=oo and m=4 or 8, then we can assert that X is the 
union of a 2m-ball D 2m and an orthogonal m-ball bundle Y over some 
differentiable manifold homeomorphic to Sm, with D2m and Y attached 
differentiably along their boundaries. This leads to 
Theorem 3. For m=4 and 8 and s=oo, the differentiable manifold 
X is diffeomorphic to one of the spaces X~~,2m,~ with h(h-1)=0 modulo 56 
and modulo 16256 in case m = 4 and 8 respectively, as described in Example 2 
and the remarks following there. We recall that for m = 4 the condition on 
h(h- 1) is necessary and sufficient, for m = 8 it is necessary but it is not 
known to be sufficient for the existence of a differentiable example X. 
In case m = 4 the pair ( h mod 12, 1 - h mod 12), which characterizes the 
homotopy type, satisfies in this differentiable case: 
(6) h=O, 1, 4, 5, 8 or 9 modulo 12. 
Now take a combinatorial manifold x~~,s whose h does not satisfy (6). 
Suppose it admits a differentiable structure, not necessarily compatible 
with its combinatorial structure. The manifold xhs is 3-connected; that 
means its homotopy groups up to n 3(Xh8 ) are trivial. Then the theory of 
SMALE [10]implies that there exists a differentiable nondegenerate function 
on x~~,s with exactly three critical points. Then the given manifold is dif-
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feomorphic to a manifold with combinatorial structure of X~, where h' 
does satisfy (6). Consequently the homeomorphic Xn8 and X~, have 
distinct homotopy-types, a contradiction. 
An analogous argument applies to the 16-dimensional spaces X. We 
obtain 
Theorem 4. The topological manifold Xn2m does not admit any dif-
ferentiable structure compatible with its topology, in case 
m=4, h=i=O or l+j-4 mod 12 
m=8, h=i=O or l+j-8 mod 120 j integer. 
We recall that KERVAIRE [4] and SMALE [lOb] were the first to obtain 
closed manifolds (of dimension 10 and 12 resp.) without any differentiable 
structure. 
Corollary. Three of the six homotopy types of 8-dimensional manifolds 
X contain differentiable examples, the other three do not; 45 of the 60 homotopy 
types of 16-dimensional manifolds X do not contain any differentiable 
example. 
Remark: Two manifolds Xn2m and X~~, m=4 or 8, which are not 
combinatorially equivalent, but which do belong to the same homotopy 
type are either (a) homeomorphic, in which case the Hauptvermuting is 
false for manifolds in dimension 2m, and the Pontrjagin numbers are not 
topological invariants, or (b) not homeomorphic, although they are both 
simply connected and of the same homotopy type:' Compare THOM [12]. 
Corollary (of (4) and theorem 2). For m=4 each homotopy type of 
spaces X contains an infinite number of combinatorial manifolds Xn2m, 
which can be distinguished by their Pontrjagin numbers. Hence Pontrjagin 
numbers are in general not invariants of homotopy type. 
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